SINGULARITIES OF BRILL-NOETHER LOCI FOR VECTOR 
BUNDLES ON A CURVE 
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Abstract. In these notes we consider the singularities of the varieties pa- 
rameterizing stable vector bundles of fixed rank and degree with sections on 
a smooth curve of genus at least two. In particular, we extend results of Y. 
Laszlo, and of the second author, regarding the singularities of generalized 
thcta divisors. 



Introduction 

Given a smooth curve C over C of genus g > 2, let ^f(r,d) denote the moduli 
space of stable vector bundles of rank r and degree d on C. It is well known 
that this is a smooth quasi-projective variety of dimension r 2 (g — 1) + 1, and for 
non-negative integers r there are subschemes W^d — ^ ( r ' ^) parameterizing those 
vector bundles whose space of global sections is at least k + 1 dimensional; i.e. as 
a set 

W*d = {[E] G W(r,d) : h°(C,E) > k + 1}. 

The W{? d can be viewed as degeracy loci, and as a consequence the "expected" 
dimension of W^ d is given by the function 

p{g,r,W(r,d)) = dim ^ (r, d) - (k + 1){- X + (k + 1)), 

where \ — d + r(l — g). It is still not fully understood when these subschemes have 
the expected dimension, or even when they are nonempty. We refer the reader to 
Bradlow et al. [2] for more details on this question. 

The goal of these notes is to study the singularities of these schemes. In particu- 
lar, given a point [E] G W^ d , we would like to relate the multiplicity of W^ d at [E] 
to the space of global sections H°(C, E). In the case of line bundles of degree g— 1, 
this question goes back to Riemann: the Ricmann Singularity Theorem states that 
for [L] G ^(l,g - 1) = Pic 9_1 (C7), mult [L] = h°(L). This was generalized 
by Kempf 12J, who showed that for all < d < g-l, and [L] G d) = Pic d (C), 
multji] W® d = {f,p^li)- I n another direction, Riemann's result was generalized in 
[T7] by Laszlo, where it was shown that if d = r(g — 1), and [E] G W J ? r / fl _ 1 \, then 
mult[g] W® r , g _ x j = h°(C,E). We point out that the Zariski tangent spaces to the 
W^ d are well understood: at a point E G W^ d , if E £ W^ 1 , the tangent space to 
at Eis 

T E W r k d = (Image /i)^ 
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where 

H : H°(E) <g> H°(K C $ E v ) -» ® £ v ® fsT c ) 

is the cup product mapping, and if E G W^ 1 , then T E W* d = T E W(r, d) (See [22] 
for more details). Using work of Kempf [12j as motivation, the following extends 
the results above by giving a description of C E W^ d , the tangent cone to W^ d at 
E. 

Theorem 0.1. Suppose < p(g,0,<W(r,d)) < dim ^ (r, d) . For all E G W° d , 
the tangent cone C E Wk d * s a reduced, Cohen- Macaulay, and normal subvariety of 
T E <W(r,d) ^H 1 (E v (g)E), defined by the h°{E)xh°(E) minors of an h° (E) x h 1 (E) 

matrix with entries in H 1 (E V <8)_E) V . Moreover, multfiW^ = (J)^^) ■ 

The case r = 1 is a special case of Kempf 's theorem [12] . Theorem 12.31 gives 
more details about the matrix defining the tangent cone, analogous to the stronger 
statement in Kempf 's paper, and the extension to the case r > in Arbarello et al. 
[U Theorem VI 2.1] . The proofs of Theorems 10.11 and 12.31 are essentially the same 
as the proofs given in [T5] and [T] ; we give an outline in Section O 

There are certain generalizations of Clifford's theorem to rank two and rank three 
vector bundles, due to Cillieruelo-Sols [6] and Lange-Newstead [16], respectively, 
which together with Theorem 10 . 1 1 give bounds on the multiplicity of singular points 
of the d for r = 2, 3. Results of this type have been shown before. For instance, 
using a "Clifford" type theorem for rank two vector bundles of degree 2g — 2, 
coupled with the special case of Theorem 10.11 cited above, Laszlo showed that for 
E G a ^{2,2{g — 1)), if C is not hyperelliptic, then mult^W 7 ^ 2 ( g -i) — 9 (Remark 
after [T7] Proposition IV. 2). It would be interesting to know if one could use 
multiplier ideals to give similar bounds. In Section fl-Sl we make a short remark along 
these lines using results of Ein-Lazarsfeld [7] on pluri-theta divisors on principally 
polarized abelian varieties. The bounds obtained in this way are far from those 
noted above. 

Given a vector bundle E 6 ^f(r',d'), one can also consider the subvarieties 
W E C *% (r, d) parameterizing those vector bundles which, when tensored by E, 
have at least k + 1 linearly independent global sections; i.e. as a set 

W% = {M G ty(r, d) : h°(E $ M) >k + 1}. 

The arguments used to prove Theorem 10.11 carry over to this situation as well, 
although it is difficult to verify when the computation can actually be carried out. 
In Section 2, we state some partial results in these cases similar to Theorem lO.il 

In the case that r = 0, and rd' +r'd = rr'ig— 1), the expected codimension of W E 
is one, and in this case we will use the notation <d E = W E , for these "generalized 
theta divisors." When <d E is a divisor, i.e. when ^ ^(r, d), it is a standard 
result that for M G ^(r, d), mult M 6 E > h°(E ® M), and the first goal will be to 
determine when equality holds. 

Theorem 0.2. Suppose rd' + r'd = rr'(g — 1). Let E G a ^(r' ,d!) and suppose 
©_e Q { r i d) is a divisor. Given M G 'W (r, d) and an extension of vector bundles 

Q^L^E->F^0, 

it follows that 

multM&E >h°(L® M) + h 1 (F(g> M), 
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Moreover, if h°(E (g> M) < 2, then mult M 6£ > h°(E ® M) if and only if there 
exists an extension as above such that h°(L (g> M) + h}(F ® M) > h°(E ® M). 

This generalizes a result of Laszlo's [T71 V.7] in the case that r = 1, d = 0, 
r' = 2 and d! = 2(g - 1), i.e. Eef(2, 2( 5 - 1)) and M G Pic°(C). There is an 
example in that paper, given in Proposition IV. 9 (cf. Remark 13. 3|) . showing that 
when h°(E ® A/) > 2 it is possible to have multjvfSfi > ® M) even if such 

an extension does not exist. On the other hand, Theorem 10.21 gives a complete 
description of the singular locus of ©£ : 

Corollary 0.3. M 6 Sing Qe if and only if either 

(1) h a {E®M) > 2, or, 

(2) h°(E <g) M) = 1, and there exists an extension of vector bundles 

0->L^E->F^0, 

such that h°(L<E)M) + ^(F <g> M) >h°{E® M). 

It should be pointed out that in the case that r = 1, d = and d! = 2(g — 1), i.e. 
Set (2, 2(g - 1)) and M G Pic°(C), a result of the second author [23] shows that 
if E is general in 1^(2, 2(g — 1)), then case (2) above does not arise. We extend 
this to the case where E has arbitrary rank in Section 2] On the other hand, in 
Theorem 14. II we generalize a result of Laszlo's [TTl Corollary V.5] to show that for 
any curve, there are stable vector bundles E of all ranks greater than one where 
case (2) does occur. 

The results cited so far use first order deformation theory. By looking at higher 
order deformation theory, in some special cases, we are able to determine the exact 
multiplicity at points M such that multA/O^ > h°(E ® M). 

Theorem 0.4. Suppose that L and Kq ® F y are line bundles in Wd(C), and that 
e £ H 1 (F V (g) L) is general. Let 

0->L^E->F^0 

be the extension associated to e. Then E £ ^(2(2(g — 1)), and 

mu\t ffc e E - h°(L) + h\F) > h°(E). 

Roughly speaking, this says that if E € 'W (2, 2(g — 1)), and is "general" among 
the vector bundles for which there exists an extension 

^ L-> E®t^> F ^0 

with h°(L) + h^F) > h°(E <g> £), then mul^e^ = h°(L) + h^F). The notion of 
"general" is discussed in more detail in Section 3. 

When 6_e C Pic (C), the tangent cones to the singularities of the theta divisor 
can be related to the geometry of the canonical model of the curve. To be precise, 
in the case that r = 1, d = 0, and d' = r'(g — 1), so that O^; C Pic (C), it follows 
that for £ G Pic°(C), the tangent cone VC^Q E is contained in ¥H°(C, K C Y '■ Thus 
the tangent cone, the canonical model of the curve, and the secant varieties to the 
canonical model are all contained in the same space. In the case that E is a line 
bundle of degree g— 1, there is the standard result (see Arbarello et al. [TJ Theorem 
VI 1.6 (i)]) showing that the n-secant variety, i.e. the union of the n-dimensional 
planes meeting the canonical model in n + 1 points, is contained in PC^Oe if and 
only if h°(E ® £) > n + 2. In Section [5] we give some partial results generalizing 
this to higher rank vector bundles. 
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1. Preliminaries 

1.1. Singularities, tangent cones, and multiplicity. When studying singular- 
ities of divisors, we will use the following basic fact: 

Lemma 1.1. Let D be an effective divisor on a smooth variety X . Let x £ X be a 
point lying on D, and suppose that f : S — > X is the inclusion of a smooth curve, 
such that f(s) = x for some s £ S. Then mvlt s (D\g) > mult^D, and equality holds 
if and only if f*T s S ^ C X D. It follows that as a set, the tangent cone 

C X D = {a £ T X X : 3 a smooth curve SCI, with 
T X S — a, and mult^Dls) > mult^D} 

Proof. This is straight forward to prove, but for a reference, and a generalization, 
see Fulton [9] Corollary 12.4. □ 

For higher codimension subvarieties, there is the standard method of Kempf 's 
[12] . outlined in Arbarello et al. pQ, which is paraphrased in the lemma below in 
the form we will be using it: 

Lemma 1.2 (Kempf [T2], Arbarello et al.pQ). Let f : X — > Y be a proper morphism 
of smooth varieties with image Z . Let z £ Z , and denote by X z the scheme theoretic 
fiber f^ 1 {z). Let N — Nx z /x be the normal cone. Suppose: 

(1) / : X — > Z is birational. 

(2) X z is smooth. 

(3) There exist vector spaces A and B, of dimensions a and b respectively, a 
linear map 

cp:A®B^{T z Y) y , 

and an integer 1 < w < a such that 

(a) N = {(W, a) £ G(w, A) x T Z Y : a 1 cj>{W ® B)}, 

(b) With this description of N , df : N — > T Z Y is given by projection to 
the second factor. 

(c) For each W £ G(w, A), the induced map 

(j) W :W®B^{T z Yy 

is infective. 

Then: 

(1) C Z Z is Cohen- Macaulay, reduced, and normal. 

(2) Taking bases x\, . . . , x a and y%, . . . ,yb for A and B respectively, the ideal 
of C Z Z is generated by the (a — w + 1) x (a — w + 1) minors of the matrix 

M = [^(Si®Ife)]i=l a- 

j=l,...,b 

(3) The multiplicity of Z at z is given by 

Tr 1 (b + h)\h\ 

mult 2 Z = J - 



h=0 



(a - w + h)\(b -a + w + h)\ 



Proof. See Arbarello et al. [T], Chapter II Section 1, and Lemma p. 242. □ 
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1.2. Cup products and extensions. Given vector spaces A, B, and C, and a 
linear map <fi : A ® B — » C, taking duals, and tensoring by A, gives A £g> C v — > 

tr®Id v 

A (g) y4 v ® B y -^ B B v , and thus we have an induced map tp : A <g> C v — > B v . 
Given vector bundles F and F on C, there are cup product maps 

H l (E) 2) H j {F) iT+ J '(F <g> F) 

given locally by multiplication. 
In particular, we have a map 

H°(E) <g> ff°(F v ® F c ) ff°(F (g) F v (8) F c ). 

Taking duals, and using Serre duality, there is an induced map 

H°(E) <g> H\F <g> F v ) ^ iF^F), 

which we will call the dual cup product. 
Recall the standard result: 

Lemma 1.3. Let E and F be vector bundles on a smooth curve C , and suppose 

O^F^G^E^O 

is an extension of vector bundles with class a G iF(F v ® F). Then the connecting 
homomorphism in the long exact sequence in cohomology 5 : H°(E) — > H 1 (F) is 
given by the dual cup product with a; i.e. for s G H°(E), S(s) — s U v a. 

Moreover, let w < h .(E) be a positive integer. After choosing bases for H (E) 
and H°(F V <g> K c ), let M be the matrix with entries in H°(E <g> F v (g> K c ) = 
H 1 (E V (H) F) v representing the cup product. Then the set 

{a £ H\E V <g> F) : 3 W G G(w, H°(E)) s.t. W U v a = 0} 

is equal to the set 

{a G iJ x (F v <g> F) : rank(M(a)) < h°(E) - w}. 
Proof. See for example Kempf [13]. □ 

1.3. Families of vector bundles with sections. A family of vector bundles of 
rank r and degree d over a smooth curve C, parameterized by a scheme S, is a 
vector bundle S over C x S, such that for all closed points seS, the restriction 
of $ to C X {s}, denoted <? s , is a rank r degree d vector bundle over C x {s}. For 
simplicity, we may sometimes use the notation "family of vector bundles" instead, 
when the rank, degree, and parameter space are clear. Also, since xi^s) is constant, 
we will often use \ to refer to this invariant. 

Lemma 1.4. Let S be a family of vector bundles over a smooth curve C, parame- 
terized by a scheme S. Then there is an exact sequence 

-» 7r 2 »<? -* F° K 1 -> R 1 ^^ -> 0, 

where TT2 is the second projection C x S — > S , and if and if 1 are vector bundles 
such that ran^F 1 ) = — \ + rank if ). 



Proof. This is standard. See for example Arbarello et al. pQ. 



□ 
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Given S a family of vector bundles over a smooth curve C, parameterized by a 
scheme S, define W k (S) to be the (rank(Ao) — (k + l))-th degeneracy locus of the 
map 7 given in the lemma. Neither this map nor the complex are unique, but one 
can show that the degeneracy locus is independent of the choice of such a map and 
complex (it is the scheme defined by the ((fc + 1) — x)~th Fitting ideal of R 1 W2*S, 
cf. Arbarello et al. pQ p. 179). Clearly, as a set 

W k (S) ={s&S: h°(S s ) > k + 1}. 

Given the description W k (S) as a degeneracy locus, it has an expected dimension 
we will call p(g, k, S), which is given by the formula 

p(g, k, S) = dim(S) - (k + 1)(- X + (k + 1)). 

Example 1.5. Let C be a smooth curve of genus g, let d G Z, let S = Pic d (C), 
and let S — J% be a Poincare line bundle on C x Pic (C), i.e. _£frn = L. Then 
W k (^f d ) = Wg, and 

p(g,k,J?)=g-(k + l)(g-d + k) 

the familiar Brill-Noether number p(g, k, d) (in the case of line bundles, r is usually 
used in place of k). 

1.4. Families of vector bundles over moduli spaces. Given S a family of 
vector bundles over C parameterized by a scheme S, the results of the previous 
section allow us to give a "good" scheme structure on the set of points s G S such 
that h°(£ s ) > k, namely the scheme W k {S). 

Although there is no "universal family" of vector bundles over C x &(r,d), i.e. 
a vector bundle S such that £cx[E] — E, locally, such a vector bundle exists, and 
this allows us to define a scheme structure on the set {[E] G (r, d) : h°(E) > k}, 
which we call W k u , r ^ . To be precise, for each E G % there is an open affine 
neighborhood U containing E, an etale morphism / : S — > U , and a vector bundle 
$S ov er C x S such that for each s £ S, S s is isomorphic to the vector bundle 
parameterized by f(s). This allows us to define the scheme structure locally, and 
since the construction is functorial, it defines a global scheme structure. 

1.5. Infinitesimal deformations of vector bundles. Consider the artinian arc 
S a = Spec C[f]/ (t a+1 ). For £ < a the exact sequence 

-» (t e+1 ) -» C[t}/{t a+1 ) -» C[t}/{t e+1 ) -> 

induces inclusions 5^ — + S^, (as closed subschemes), where Sq corresponds to the 
unique closed point of S a . 

Given a vector bundle E on a curve C, an iV-th order deformation of E is a 
vector bundle $n on C x S'at such that #q — where Sq is defined as the pullback 
of Sn over the map C x So — > C x SV- In other words, it is a family of vector 
bundles over C x Sn such that the fiber over the closed point of Sn is isomorphic 
to E, 

It is easy to check that the sheaves of sections fit into exact sequences 

t b+1 

(1) — > S a — > <^a+b+i — > <^h — > 0. 

In particular, given a first order deformation S of E, there is a corresponding 
extension: 

(2) -> E -> <? -> J5 -> 0. 



SINGULARITIES OF BRILL-NOETHER LOCI 



7 



We say that a section s £ H°(E) lifts to first order (as a section of $) if it is in the 
image of the induced map 

H°{£) H°(E). 

We say that a subspace W C H°(E) lifts to first order if it is contained in the image 
of this map. More generally, we say that a section, or subspace of iJ° (<?{,) lifts to 
order a + b + 1 if it is in the image of the map induced from the exact sequence ([1]) 
above. 

Lemma 1.6. Let $ be a first order deformation of a vector bundle E on a smooth 
curve C, corresponding to a £ H 1 (E y ®E). Then a section s £ H°(E) lifts to first 
order as a section of S if and only if 

sU v a = 0e H\E). 

Proof. This follows from the exact sequence ([2]) above, since we have seen that the 
coboundary map is given by the dual cup product with the extension class. □ 

1.6. Local desingularizations of the Brill-Noether loci. Using the local ex- 
istence of universal bundles over (r, d) (cf . §1.4jl , it is possible to construct local 
desingularizations of the W k d which parameterize subspaces of sections. To be 
precise, Let E £ W k d , and let U be a neighborhood of E. From £11.41 there exists 
an etale morphism /:£/'—» U and a "universal" vector bundle Sjj' over C X U' . 
Following Arbarello et al. pQ, one can construct moduli spaces G k d (U') parame- 
terizing pairs (E, V) such that E £ U' and V C H°(E) is a subspace of dimension 
fc+1. 

Although the space is only defined locally near E, the question of the singularity 
of W k d at E is also local, and so we will often use the notation G k d instead. We 
remark that in fact one can construct similar spaces globally using the theory of 
coherent systems, and the statements here can be made in that setting as well. We 
refer the reader to Bradlow et al. [2] and King-Newstead [14] for more details. 

In particular, (near E) there is a map 

a : G k rA -> W r k d 

and it is not hard to see that at a point (E, V) £ G k d , there is an exact sequence 

-> Rom(V, H°(E)/V) -» T (Ey) G k r4 % T E W(r,d) 
This can be interpreted in the following way. 

Proposition 1.7. Let (E, V) £ G k r d . 

(1) image(a«) = (image(/iy)) ± , where 

Hv ■ V ® H°(E V ® K c ) -> H"(E ® E y ® K c ) 

is the restriction of the cup product to W . 

(2) G k d is smooth and of dimension p(g,k, e ^) at (E,V) if and only if pv is 
injective. 

Proof. Using the fact G k d is a coarse moduli space, it follows that the tangent 
space to G k d at (E,V) corresponds to pairs (V,r), where V £ G(k + 1,H°(E)), 
t £ H 1 (E V ®E), and V C r^. (1) then follows by duality. (2) follows from (1). □ 



s 
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1.7. Preliminaries on theta divisors. Given S a family of vector bundles of 
rank r and degree r(g — 1), over a smooth curve C, parameterized by a scheme 
S, we define 85 = W°(S); i.e. the subscheme of S parameterizing vector bundles 
with sections. As pointed out earlier, there is a complex 

-> K° K 1 -> 

of locally free sheaves on S of equal rank, such that O5 is defined as the zero locus 
of the determinant of 7. Thus if &s 7^ S, then it is a divisor. 

It will be important for us to study the case that S is a smooth curve, or an 
artinian arc Sk = Spec C[t)/ (t k+1 ). The following is straight forward: 

Lemma 1.8. If S is a smooth curve, and &s « s a divisor on S, then 0$ = 

Proof. See [2] Section 1.1. □ 

We would like a way to calculate £((R 1 tt2*S) s ). We will use the notation Ck to 
denote C x Sk, and Sk to denote the pullback of S to Ck. 

Lemma 1.9. If S is a smooth curve, and 85 is a divisor on S, then there exists 
an integer N > such that for all k > N 

eUR 1 **.*).) = l{H\C k ,S k )) = h°(C, S k ). 

Moreover, if for any k > 0, H°(Sk) — H° (Sk+i) > then we may take N = k. 

Proof. See [2] Section 1.2. □ 

We then have the following proposition: 

Lemma 1.10. Let S be a family of vector bundles with x = over a smooth curve 
C , parameterized by a smooth variety X , and such that Qx is a divisor. Then 

mult x e x > h°(C,S x ), 

and equality holds if and only if there is a tangent vector a <E T X X such that 

H\S a ) = H°(S X ); 

i.e. mult^Ox = h°(C,S x ) if and only if there exists a tangent vector a such that 
sections of H°(S X ) do not lift to first order as sections of H°(S a ). 

Proof. Clear. □ 

We can rephrase this using cup products. Let S be a family of vector bundles 
with x — Oj over a smooth curve C, parameterized by a smooth variety X, and 
such that &x is a divisor. This family induces (up to etale base change) a map 
/ : X -> which for each x E X induces a map /» : T X X -> H 1 ^ ®S X ). 

Corollary 1.11. In the notation above, mult^Ox = h°(C,S x ) if and only if there 
exists a tangent vector a G T X X such that the dual cup product map 

\J y f*a:H {S x )^ H 1 ^) 

is injective. 

Proof. This is just a translation of the previous lemma. □ 
We will also use the following lemma: 
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Lemma 1.12. Let D be an effective divisor of degree d, and let S : H \6 £>(£>)) — » 
H (£?c) be the induced coboundary map. Suppose e G H and 5(e) — a G 

H (&c)- Then the dual cup product U v a : H°(E) — > H 1 (E) is given by composing 
Ue : H°(E) -> H°(E(D)\ D ), with the coboundary map d : H a (E(D)\ E ) -> ff 1 ^)- 

Proof. See [3] Section 1.2. □ 

1.8. A remark on multiplier ideals. In this section we apply a result of Ein- 
Lazarsfeld [7] for pluri-theta divisors on abelian varieties, to the case of certain 
generalized theta divisors on moduli of vector bundles over curves. For definitions, 
and more details on multiplier ideals, we refer the reader to Lazarsfeld |18j . 

Recall that given ^ r = (r, r(g — 1)), W^ r ^ g _ 1 - ) is a divisor which we will denote 
r . Given E G and using the fact that a locally free sheaf is faithfully flat, it is 
easy to check that the map Pic°(C) — > °i/ r given by £ i— > £ ® E is an embedding. It 
is also well known that if & r \pic°(C) = ©_e is a divisor, then Ob G |rO|, where O is 
a translate of the Riemann theta divisor on Pic°(C). We will want to consider the 
open subvariety = {£ £ ^ r : 6b ^ Pic°(C)}, and the restriction Q' r = Q r W;- 

Now, given a Q-divisor D on a smooth quasi-projective variety X, and c G Q + , 
let J(X, cD) = J(cD) be the associated multiplier ideal. We will say that the 
pair (X, D) is log-canonical if J(X, (1 - e)D) = 6 X for all < e < 1. A direct 
consequence of the results in [7] is that for all r > 1, the pair ^& r ) is log- 
canonical. In particular, the pair (W2, ^©2) is log-canonical. 

Indeed, for (A,Q) a principally polarized abelian variety (ppav), and D G |f"0|, 
it is a result of Ein and Lazarsfeld [7] that (A, -r_D) is log-canonical. The first 
statement then follows from the fact (cf. Lazarsfeld [18] Corollary 9.5.6) that for 
all E G 

J(Pic°(C), (1 - e)~9 B ) C JW, (1 - e)ie' r )| Pic o (c) . 

The second statement of the claim then follows from a result of Raynaud's [21] 
that Q E is a divisor for all E G <2C(2, 2g - 2). 

2. Singularities of Brill-Noether loci 

2.1. Singularities of Brill-Noether loci for vector bundles parameterized 

by ^ (r, d). In this section we study the singularities of W^ d . We begin by studying 
the tangent spaces to G\ d . 

In what follows, for a vector bundle E G and a subspace W C H°(E), we 
denote by fiw the restriction of the cup product map to W: 

[i w : W ® H°(E y ® K c ) -» H°(£ v (8 £ <8 i^c)- 

Proposition 2.1. Suppose that < p(g,k,^) < dim(^). Let i? G W^ d , and 
suppose that for all W G G(k + l,H°(E)), fj,\y * s injective. Then G k r d is smooth in 
a neighborhood of the fiber a^ 1 (E), and a^ 1 (E) is smooth as a scheme. Moreover, 
the normal bundle N = N a -i( E y@k ^ can be described as 

N = {(W,a) G G(k + 1, H°(E)) x H 1 ^ ® E) : a _L image(/z w )} 

and the differential a* : N — > T E % = H 1 (E V ® E) is given by projection onto the 
second factor. 
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Proof. The description of the normal bundle and the differential are clear from 
Proposition 11.71 The fact that the scheme theoretic fiber is smooth follows from 
the injectivity of the differential on the normal bundle. □ 

Corollary 2.2. With the same assumptions as the proposition, if the cup product 
pw is injective for all W S G(k + X, H (E)), then E lies on a unique irreducible 
component Z C W^ d , and Z £ W^ 1 . Moreover, the morphism a : G^ d — ► Wf d is 
birational in a neighborhood of E. 

Proof. The fibers of a are Grassmanians, and hence connected. If there were more 
than one component of W* d passing through E, there would have to be multiple 
components of the fiber over E, since G^ d is smooth along the fiber. This would 
contradict the connectedness of the fiber. Now let Z be the unique irreducible 
component containing E. It must have dimension at least p(g, k,^). If Z C W^J 1 , 
thendim(a- 1 (Z)) > p(g,k,W), since the Grassmanian has positive dimension. But 
this contradicts the fact that din^Gjf^) = p along a^ 1 {E). □ 

To state the following theorem, we need to introduce some notation. First we 
must choose bases acj, . . . , x-^orm, and yi, . . . , Uh 1 (E) f° r H°(E) and H°(E y ® Kq) 
respectively. For simplicity, write XiUj for the image olxi®yj under the cup product 
mapping. We then have the following generalization of a theorem of Laszlo's: 

Theorem 2.3 (Kempf's Theorem). Suppose that < p(g,k,<W) < dim(^). Let 
E £ W^ d , and suppose that for all W € G(k + 1, H°(E)), pw is injective. 
Then: 

(1) CeW^ d is Cohen- Macaulay, reduced, and normal. 

(2) The ideal of C^W^i as a subvariety of H 1 (E^ <E) E), is generated by the 
(h°(E) — k) x (h°(E) — k) minors of the matrix 

M = [xiyj] l= i.... th o^ E ),]=i,...,h 1 {E)- 

(3) The multiplicity of Wf? d at E is 

k A (h 1 (E)+i)\i\ 

mU E ^ fj L (h°(E)-l-r + iy.(h 1 (E)-h a (L)+r + l + iy: 



(4) As a set 



C E W* d = [J (image( MH ,))- L . 

WeG(k+l,H°{E)) 



Proof. With the previous results in this section, the theorem follows from the gen- 
eral technique of Kempf's referenced in Lemma 11.21 □ 



Remark 2.4. For another interpretation of the tangent cones, see Hitching [111 
Section 5]. 

In the case that k = 0, the restricted cup product maps are always injective, 
allowing us to prove the corollary below, of which Theorem 10. H is a special case. 



Corollary 2.5. Suppose < p(g,0,fy(r,d)) < dim(^(r, d)). Then W° d 



is a 



reduced, Cohen- Macaulay subscheme of the expected dimension p(g,0,W(r,d)); i.e. 

dim W° d = dim<^(r, d) - 1 + X- 
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If dim Wl d < p(g, 1, ^C(r, d)) + 1 — x> then W® d is also normal. 

For all E £ W® d , the tangent cone C'eW^ is a reduced, Cohen- Macaulay, and 
normal subvariety of T E W(r,d) = H 1 {E y ® E), defined by the h°(E) x h°(E) 
minors of an h°(E) x h}(E) matrix with entries in H 1 (E V <g> E) v . Moreover, 

Proof. The statement about the multiplicity follows directly from Theorem 12.31 It 
also follows from the injectivity of the cup product that W® d is locally irreducible. 
Since G° d is smooth of the correct dimension, W® d also has the correct dimension; 
by virtue of the fact that W® d is determinantal, it follows that it is Cohen-Macaulay. 

We have also seen that no component of W® d is contained in W^ d , and so, by the 
formula for multiplicity, this shows that W® d is generically reduced. Generically 
reduced, and Cohen-Macaulay imply reduced. If W® d is singular in codimension at 
least two, then it is normal. It is easy to check that this is the case if dim(W r 1 d ) < 
p(g,l,W(r,d)) + l- X - ' □ 

Remark 2.6. It follows from work of Bradlow et al. [5] that when W° d is normal, it 
has rational singularities, and moreover, W® d is normal for general curves. Indeed, 
[2] Theorem 11.7] implies that G° d is a resolution of W® d . The fibers of the map 
a are projective spaces, so that R % a*& G a = for all i > 0. Thus when W® d is 
normal, Rgu^jo ^ = &w° d i an d so W® d has rational singularities. [2 Theorem 8.1] 
establishes that this is true for (Petri) general curves. 

Remark 2.7. Given [E] G ^(r',d'), recall that there is an inclusion <^(r, d) ^U- 
<&(rr' ,rd' + r'd) = a i/ given byM^M®E, and we set W E C ty(r, d) to be the 
pullback of Wl u . Given W C G(k + 1, H a (E <g) M)), let 

p! w : W <8> H°(E V ® M v ® X c ) -» #°(M V ® M <g> X c ) 

be the appropriate cup product map. Then the same statement as in the theorem 
holds for W E C ^(r, d) and CmW e in this situation, replacing E with E®M, and 

/ilV with /i^y. 

Remark 2.8. Unlike in the case of W? d , for the varieties W| C Pic°(C), even when 
r = x{E) = 0, it is not clear when the dual cup product map is injective. In 
fact, if it were always injective, it would follow that for any L G Pic (C) and any 
E G ^(r,r(g — 1)), multiWjj = h°(E g> L). Examples where this condition fails 
were constructed by Laszlo [17] and the second author [23]. See Remark [3~3l and 
Section H] for more on this. 

3. Singularities of generalized theta divisors 

In this section we consider the multiplicity of singularities of generalized theta 
divisors. Since Laszlo's result (cf. Theorem 10. ip gives a complete description of 
the singularities for G> C (r, r(g — 1)), we will focus on the restrictions of these 
divisors. 

3.1. Singularities of Qe in ^/(r,d). In this section we generalize the results of 
Laszlo [17 for |20| divisors on Pic°(C) to all generalized theta divisors on "% (r, d). 
Recall that given E G &(r', d'), such that r'd + rdl = rr'(g — 1), we define 

Be = {M G <&(r,d) : h°(E®M) > 0}. 
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In what follows we will always make the assumption that Qe is a divisor. We have 
seen: 

Proposition 3.1. In the notation above 

multM&E > h°{E ® M), 

and mult m = h (E ® M) if and only if there exists a cocycle a G H 1 (M v ® M) 
such that U v a : H°(E ® M) — » H 1 (E ® M) is infective. Moreover, if vomMmQe = 
h°(E®M), then the tangent cone CmQe is given as the determinant of an h°(E® 
M) x h°(E ® M) matrix with linear entries. 

Proof. This follows directly from the discussion in Section 1, and from Theorem 

ED □ 



We begin by looking at conditions for when mult m®e — h°(E (g) M). 
Lemma 3.2. Let ii 1 , M, and Qm be as above. For any extension of vector bundles 

Q^L^E->F^0, 
mult M 6i5 >h°{L® M) + h}{F <g> M). 
Proof. Consider an extension of vector bundles 

0^L^E->F->0. 
Denote by J$ a first order deformation 

M -> JZ -> M -> 0, 
corresponding to a £ H 1 (M V £g> M). We have a commutative diagram 







► L® M 







(3) ► L< 







E®M > F®M 



E< 



-> Fi 



► L® M ► E®M > F®M 



where all the rows and columns are exact. Let e 6 H 1 (F X/ <S> L) be the extension 
class of E. The diagram above gives rise to a diagram of long exact sequences, of 
which the following is a part 
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H°(L(g>^) > H a (E®^) > H°{F®J{) 



(4) > H°{L®M) > H°(E®M) ► H°(F <g> M) 



ff x (i(8)M) > H^E^M) > H x (F(g)M) 



Set 



^L®Af, Q = ker (lJ v a : ff°(L <g> M) -^H X {L® M)) . 
We must have 

dim (l)aH°(L <g> M) n UeH°(F ® M)) > 

® Af) - dim /f L ®Af,a) + 

(/i°(F <g> M) - h°(F «) M) + /i°(X ® M)) -h\L® M). 

Adding dim K L<s>M ,a — h°(L ® M) + /^(F ® M) - /i 1 (F <g> M ) , we get the sum of 
the Euler characteristics, giving zero. And thus, 

dim (U v <xff°(£ <g> M) n U v ei?°(F <g> Af )) > 

® M) - (h°(E ® M) - /^(F <g> M)) - dimF/ L0M , Q , 
On the other hand, 

h°(E®JZ) > 

h°{E <g> M) + dim K mM>a + dim (u w aH°(L <g M) n U v e#°(F <g M)) . 
We conclude that /i°(F (g) > <g A/) + /i*(F ® M). □ 

Remark 3.3. A natural question to ask is the following. Suppose multA/Bs > 
/i°(F (g> M). Is it true that there must exist an extension 

0->L^E->F-^0 

such that h°(L ® M) + h}(F ® M ) > ft°(F ® M)? It turns out this is not the case. 
To show this, we turn to an example of Lazlo'qj [17l Proposition IV. 9]: let C be a 
smooth non-hyperelliptic curve of genus 3, and let E be the unique rank two stable 
vector bundle on C such that h°(E) — 3, and det(F) = Kc- Given any extension 
of vector bundles 

-» L -> F -v K c ® i v -» 0, 
it follows that deg(L) < g-1 = 2, and thus h°(L) < 1. We also have ^(Kc®^) = 
h°{L) < 1, so that + h x (Kc ® £ v ) < /i°(F). Nevertheless, it is easy to see 

that 8b = C — C, and thus 

mult^Gfi =4>h°(E). 

In fact it is an observation of Laslzo [TTl Remark V.8] that whenever det(F) = F'c 
and h°(E) is odd, then mult^ c 6^ > h°(E). It would be nice to know of examples 
where this strict inequality held which did not fall into one of the two cases above. 



lr The first author learned of this example from Mihnea Popa who pointed out that the vector 
bundle E can be viewed as a so called Lazarsfeld bundle, i.e. the dual of the kernel of the evaluation 
map H°(K C ) ® &c ™ K c . 
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We next show that when h°(E ® M) < 2, this problem does not arise. Given 
s € H°(E ® M), there is a corresponding morphism A/ v — » 25. Let : M v ® M — » 
£®M be the morphism obtained by tensoring with M. It is easy to check that 
1 M G i?°(M v ® M) maps to s e H°(E <g> M). 

Lemma 3.4. Let L and M 6e as above. Let s E H°(E <g> M) 6e a section, and let 
<j) : M v ® M — > £ ® M &e t/ie associated morphism. Then 

U v s = ff 1 ^) : ff 1 (M v <g> M) — > H X (E (g> M). 

Proof. This is straight forward, and left to the reader. □ 

We will also want the following lemma. 

Lemma 3.5. U v s : H°(E V ® M v ® 2fc) -» H°(M y <g> M <g> ifo) *s injective if and 
only if H°(F V <g> M v <g> K c ) = 0, and is zero i/ and onfy if LT°(L lV ® M v ® # c ) = 
J ff°(£; v (g) M v (g) if c ) 

Proof. This is left to the reader. □ 

Lemma 3.6. Let E, M, and ®e be as above. Ifh°(E®M) < 2, then multM®E > 
h [E (g> M) if and only if there an extension of vector bundles 

Q^L^E->F^0, 

such that h°(L <g> M) + h 1 (F(g> M) > h°(E <g> M). 

Proof. If there exists such an extension, then the conclusion of the lemma is a special 
case of the previous results. If multM©s > h°(E®M), we use the discussion above 
to generalize the arguments in Laszlo \±7\. We will do the case that h° \E ® M) = 2; 
the other cases are similar. Consider the dual cup product map 

H°(E <g> M) ® H°(E V ® M v ® K c ) -> H°(M g> M v ® K c ), 

and, after choosing bases, let A be the associated two by two matrix, with entries in 
H°(M(g>M v ®K C ) = H 1 (M(giM v ) v . We have seen that rmi\t M &E > h°(E®M) 
if and only if the determinant of A is identically zero. 

It is a result of Eisenbud and Harris [8] that this determinant is zero if and only if 
there exist bases for H°(E®M) and H° (E y (g> M v (g> K c ) such that either a column 
or row of A is zero. This implies that there is either a section s £ H°(E <g> M) such 
that U v s : H°(E y ®M V ®K C ) -> H°(M ®M y ®K C ) is the zero map, or a section 
t e H°(E V <g> M v ® if c ) such that U v i : 22°(2? (g> M) -» 22°(M (8 M v <g> if c ) is the 
zero map. It follows from the discussion above that either E or E v ® 2£c? has an 
extension as in the statement; these conditions are equivalent. □ 

Remark 3.7. Theorem 10.21 is a direct consequence of the lemmas above. 

3.2. Theta divisors in Pic (C). For generalized theta divisors on Pic°(C), we 
can make some higher order computations, which in the case of 20 divisors yield 
some generic results. Suppose that E s %f(r,r(g — 1)) and £ S Pic (C). From the 
previous section, 

mult e 6 E > h°(E®£), 
and mult£0£ > h°(E <Z> £) if there exists an extension of vector bundles 

0^L^E®£^F^Q 

such that h°(L) + h 1 (F) > h (E®£). Moreover, if h° {E ® £) < 2, then mult c 6 B > 
h°(E ® £) if and only if such an extension exists. 
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In the rank two case, we can say more due to the fact that L and F are line 
bundles. In fact, the properties of L and F that we will need may hold for generic 
vector bundles of higher rank, and so we give these conditions a name. Roughly 
speaking, we will say that a vector bundle is a first order deformation vector bundle 
if it behaves like a line bundle. Recall that for a vector bundle E on C, and 
a e H X {0 C ), we set K E , a = ker (Ua : H°(E) -> H\E)). 

Definition 3.8. Let E be a vector bundle of slope fi(E) = fi on a smooth curve C 
of genus g > 2. 

(1) If n(E) = g — 1, then E is a first order deformation vector bundle if there 
exists an a E H x {6c) such that Ua : H°(E) — > H 1 (E) is injective. 

(2) If n(E) < <?— 1, then E is a first order deformation vector bundle if h (E) > 
0, and given W C if^E 1 ), with 

/i°(£0 + dim VP < ^(E), 

there exists a <E i/ 1 (^c) such that Ua : H°(E) — > H 1 (E) is injective and 
(aU H°{E)) nW = 0. 

(3) If /i(-E) > .9— 1 then E is a /irsi order deformation vector bundle if h l (E) > 
0, and given W 1 C iJ°(E), with 

dimlV 1 < h^E), 

there exists a e H x {& c ) such that dimX BjQ = xC-E 1 )! and if_E jQ nf = 0. 

Remark 3.9. It is easy to check that if 2? is a first order deformation vector bundle, 
then, then Kc ® £' v is as well. 

Lemma 3.10. ^4 line bundle E on C is a first order deformation vector bundle. 

Proof. (1) is clear, and using the remark, it is enough to prove (3). This can be 
done using Lemma fl. 121 in the special case of a general effective divisor D of degree 
/i 1 (£'). The details are left to the reader. □ 

Lemma 3.11. Suppose that E 6 a J/(r,r(g — 1)), £ e Pic (C), and there exists an 
extension of vector bundles 

0^L^E®£^F^0, 

such that h (L) + h 1 (F) > h (-E(8>£). If L and F are first order deformation vector 
bundles, then for a general a G H x (&c\ corresponding to a first order deformation 
S' ofE®^, it follows that h°(S") = h°(L) + h 1 (F). In particular, this is true when 
E has rank two. 

Proof. Set E' = £7®£. Since E is stable, L is a vector bundle of slope at most g — 1. 
Thus taking a general, Kl,<x — 0- The proof of Lemma 13.21 shows that in order to 
prove the lemma above, it suffices to establish that dim(lJaH a (L)) H (U v eH° (F)) = 
h°{L)+h 1 (F)-h a (E'), axidH°(E')/H (L)nK F<a = 0. These two statements follow 
from the definition of first order deformation vector bundle, and the observation 
that h°(L) + (h°(F) - h°(E') + h°(L)) - h^L) = h°(L) + h\F) - h°(E'), and 
h°(E') - h°(L) < h^F). □ 

We now turn our attention to second order deformations. We have the following 
technical lemma: 
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Lemma 3.12. Suppose that E £ %f(r,r(g — 1)), £ £ Pic (C), and there exists an 
extension of vector bundles 

0->-Z-t.£<g>£-»F-»-0, 

corresponding to e £ Ext 1 (F, L) such that h (L) + ^(F) > h°(E <g> £), and L and 
_F are /irsi order deformation vector bundles. If there exists a £ H x {&c), such 
that (UeK F . a ) n (UaH°{L)) = 0C ^(X); </le ™ mult 4 e B = + ft x (F). In 

particular, this is true if E has rank two. 

Proof. The key observation is that we have seen for a general a £ H x [Gc) that the 
sections of E <g> £ which lift to first order are a subspace of H°(L) C H°(E (g> £). 
To prove the lemma, we must show that nontrivial sections of i5 ® £ do not lift to 
second order for a generic second order deformation. So let be a second order 
deformation of the trivial bundle: 

-v ff c ->■ Jti ->•-#->• 0. 

Again setting E ® ^ = E' , we have a commutative diagram similar to ([3]) which 
gives rise to a diagram of long exact sequences, of which the following is a part 



► H°{L®Jt 2 ) ► H°(E' ® Mi) ► H°{F®JZ 2 ) 

> H°(L^^i) > H°(E' ®JKi) > H°(F(S^i) 

► H\L) > H l {E') ► H\F) 

It follows that if a section of H°(E' (g) ~4K\) lifts to second order, then its image 
in H°(F®^i) lifts to second order as well. Now, as we observed at the beginning, 
a first order lift of a section of E 1 maps to a first order lift of the zero section in 
H°(F). A first order lift of the zero section of H°(F) is just a section of F (times 
t, where t is a local parameter for the deformation), and thus will lift to second 
order only if it is in the space of sections of H°(F) which lift to first order. In 
other words, we have an induced map <fi a : H°(S") — * t ■ H°(F). We also have the 
space Kp :Cl = ker(Ua : H Q (F) — > H 1 (F)), and we would like to give a condition for 
im(^Q,) fl Kp, a = 0. 

Extending diagram Q to the upper right we have 

H°(L) 



H°(E') ► H°(F) 

-I -1 



H°(E') ► H°(F) ► H^L) 



* H\L) 
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and we see that Ue o ip a H (S'') C UaH°(L). Chasing through the diagram we see 
that if UeKF.a intersects trivially with UaH°(L), then nontrivial sections of H°(E') 
can not lift to second order. □ 

We will use this to find the multiplicity in the general situation for rank two 
vector bundles. The idea is that the conditions of the lemma should hold for a 
general such extension. In order to state the results, we will want to introduce a 
parameter space of vector bundles, so that we can make sense of the term "general" . 
So define a set 

B^(2,2( 5 -l))= |J 

0<d<g-l 

{(L,F,e) :LeW d , K c ® F y G W d , e G H l (F y ® L)} 

A result of Laszlo's, [17] Proposition V.4, states that given (L, F, e) G B'W , if e 
is general, then the extension E corresponding to e is stable, and, cither h°(L) = 
h°(E) or h l {E) = ^(F), so that h°(L) + /i x (F) > h°(E) > 0. Let be the 
subset with the property that h°(L) + h x {F) > h°(E) > 0. 

Now suppose that E G ^(2,2(g — 1)), and there exists an extension of vector 
bundles 

Q^L^E->F^0, 

such that h°(L) + h}(F) > h°(E) > 0. Since both h°(L) and ^(F) are at most 
equal to h°(E), it is clear that both are nonzero. Thus SSty is equal to the set of 
stable vector bundles E which have an extension 

0^L^E->F->0, 

such that h°(L) + h x {F) > h°(E) > 0. By "a general vector bundle in we 
will mean a vector bundle £ e f (2, 2g — 2) and an extension as above such that 
e 6 H 1 (F S/ ® L) is general. We point out that these "general" vector bundles 
move in subsets of dimension 3g — 4, and there is one such subset for every d with 
< d < g — 2 where d is the degree of L. 

Lemma 3.13. Suppose that E G is "general" and 

0^L^E->F->0, 

is an extension such that h°(L)+h 1 (F) > h°(E). Then mult^ c 0£ = h°(L)+h 1 (F). 

Proof. We must check that for general a G iJ 1 (^ > c , ) 1 and for general e G H 1 (F V ® 
L), that L)eK F ^ a n UaH a (L) = C H l (L). After fixing a, and observing that 
diTaKp.a + dim h (L) < /i 1 (L), it suffices to check that by taking e general, the 
above condition is satisfied. This is straight forward to check. □ 

4. Existence of exceptional vector bundles 

We will say that a vector bundle E is exceptional if there exists a line bundle 
£ G Pic°(C) and an extension 

-> E' -> E <g> £ ^ E" -» 

such that h°(E') + h}{E") > h°(E ® £). Observe that if E is exceptional, then so 
is E y (g) i^o- In this section we show 
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Theorem 4.1. Let C be a smooth curve of genus g > 2. For any integer r > 1, 
there exist exceptional stable vector bundles E of rank r and slope g — 1, such that 
Qe is a divisor. In other words, on Pic a (C), there exist generalized theta divisors 
Qe £ and line bundles £ e Pic°(C), such that mult^OE > h°(E <8)£). On the 

other hand, the generic vector bundle in ^{r,r{g — 1)) is not exceptional. 

Proof. This follows from the propositions below. □ 

Remark 4.2. The existence of exceptional rank two vector bundles was proven by 
Laszlo [17], while a result of the second author [23] shows that a general vector 
bundle of rank 2 and slope g — 1 is not exceptional. 

4.1. Existence of exceptional vector bundles. We want to see that there exist 
vector bundles E of any rank r and slope g — 1 fitting in an exact sequence 

-> E' -> E -> E" -> 

such that F is stable of slope g — I, E defines a proper theta divisor, and h°(E) < 
h°(E') + h}{E"). We are going to construct such E by taking E' a generic vector 
bundle of rank r — 1 and degree (r — 1)(<? — 1) — 1 with one section, E" a generic 
line bundle of degree g and /i 1 (£"') = 1, and E a generic extension of these vector 
bundles. 

Proposition 4.3. Let E' be a generic vector bundle of rank r — 1, and degree 
[r — l)(g — 1) — 1 with hP(E') = 1, let E" be a generic line bundle of degree g and 
h}{E") = 1. For a general extension 

-> £' -> £ -> F" -> 

F is stable, h (E) — 1, and ®e C Pic (C) is a divisor. 

Proof. We need to check that £ is stable, h°(E) — 1 and E 1 defines a genuine theta 
divisor. The proofs of these statements are below. □ 

Proof of stability. Assume that E were not stable. It would then have a subbundlc 
F of slope at least g — 1. Consider the following diagram 



- 




E - 


4 £"' - 


■+ 




T 


T 


T 




- 


-> F' - 


-4 F - 


^ F" - 


■+ 



where F" is the image of F in E". If F" = 0, then F is a subbundle of E' . As E' 
is stable of slope smaller than g — 1, F cannot contradict the stability of E. Hence 
F" is a line bundle. If degF" < g — 1, again F cannot contradict the stability of 
E. So we can assume that F" = E" has degree g. 

As E 1 is a generic vector bundle of rank r — 1 and degree (r — 1)(<? — 1) — 1 with 
one section, it can be written in an exact sequence 

O^O^F'^F^O 

where E is a generic vector bundle of rank r — 2 and degree (r — 1)(<7 — 1) — 1. Let 
F be the image of F' in F. We have an exact diagram 





- 


* o - 


■* F' - 


^ F - 


-> 


(5) 




T 


T 


T 






- 


-» L - 


■* F' - 


F - 


■+ 
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As rk_F < rk£;,_rkF" = rkE" it follows that ikF' < rkE' = r - 1. If we had 
F = E, then rkF = rkE' — 1. Hence, E = F ~ F' and the sequence would be split 
contradicting the assumption that the extension is generic. Hence, F is a proper 
subbundle of E. By the genericity of E, the diference of slopes between E/F and 
F is at least g — 1. This can be written as 

(r-lXs-l)-!-^ dp 



(r- 1) - 1 -rj 

Which translates into 



>fl-l 



^<^((^ + l)(.g-l)-l) 



Assume L ^ 0. As deg(L) < 0, this gives 



Then, 



r — 2 



rev — 1 

d F <<?+-^— r F , 5 -l -1 

r — 2 



We want to check that the slope of F is smaller than g — 1. It suffices then to see 
that 

.9 + -fryC^a? - 1) - 1) < (r*v + l)(g - 1). 
If g 7^ 2, or r F ^ 1, then this last statement is equivalent to 

rt-1 



< 1, 



which is correct for g > 2 as r F / < r F < r. If = 1, then the bottom row of the 
exact sequences in ([5]) splits, yielding a contradiction. 

Assume now L — and hence F = F' . As E is generic, the set of subsheaves F 
of E has dimension 

- 1) + 1 + ( r E - r F ') 2 (g -l) + l + r F (d E - d F )(r E - r F )d E 
+r F (r E - r F )(g - 1) - 1 - {r%(g - 1) + 1) = r E dp> - rpd E , - r E rp>(g - 1). 
If such an F lifts to E', the extension corresponding to E' is in the kernel of the 
map _ff 1 (£' v ) — > H 1 (F v ). If this happens for the generic extension, one must have 

Tpdp, + rp.dp - rprp^g - 1) + ^(F v ) - ^(F' v ) > h}{E y ) 

If hP(F >y ) = 0,then /i 1 ^'") = d F , +r F '(ff - !)• Using that r F = r - 2,d s = 
(r — l)(g — 1) — 1, the inequality above implies 

d F , < rU9-l)-r E ^ 
r — 1 

Then 

dp = g + dp, < g + - 



r - 1 

It suffices to check that the latter is smaller than (r F / — 1). This is equivalent 

to 

(r-r F , - l)(r F {g - 1) - 1) >0 

which is satisfied. 
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H h°(F ^) > 0, there is a non-zero map F' — > O. The kernel K of this map has 
rank tf 1 — 1 and degree at most equal to the degree of F' and is a subshcaf of E. If 
F contradicts the stability of £ a little bit of arithmetic can be used to check that 
so does K. Hence, repeating the process if needed, we can assume h°(F v ) = 0. □ 

Proof that the number of sections is one. By assumption, E' has only one section. 
Hence, if E had more than one section, it would mean that there is a section of E" 
that lifts to E. Hence, there is an exact diagram 






-► E' - 


-> E 


-f E" 


-> 




T 


T 


T 







-► E' - 


■+ Ex E „ O 


-► o 


-> 



This implies that the extension corresponding to E is in the kernel of the natural 
map # 1 (£" v ® E') -> H^E') 

As E" is a line bundle of degree g, the cokernel of the map E v ® E' — > E'is 
torsion (of degree g). Hence, the induced map 

H\E" V ®E') -» H^E') 

is onto. As /i°(£') = 1, deg(-E') = (r- l)(g- 1) - 1, by Ricmann-Roch h}{E') = 2. 
As E" is a line bundle of degree g with /i 1 ^") = 1, h°(E") = 2. Note that two 
sections of E" that differ in multiplication by a constant would give rise to the same 
pull-back extension in the diagram above. If for the generic extension, at least one 
section lifts to E, we have 

h°{E") - 1 + h\E" ® E') - h\E') > h}{E" y ® E') 

which is false from the numbers we just computed. □ 

Proof that the generic such E defines a proper theta divisor. We must check that 
there exist line bundles of degree zero such that h°(E (g> L) = 0. We first check 
that for a generic L of degree zero, h°(E' <g> L) = 0. Tensoring the exact sequence 
defining E' with L, we obtain 

0^L^E'<E>L^E<g)L^0 

As E is generic, so is E ® L. Hence, h°(E <8> L) = g — 2. If a section oi E®L lifts to 
a section of £" ® L, an argument as above says that the corresponding extension is 
in the kernel of the natural map H 1 {E y ) — > H l (L). If this happens for the natural 
extension, 

fr°(S ® L) - 1 + /t 1 ^) - h^L) > h\E v ) 

As L is generic of degree zero, ^(L) = g — 1. By the genericity of £7, /i (_E ® i) = 
5 — 2. Then, it is easy to check that the inequality above is not satisfied. □ 

4.2. The generic case. We would like now to consider the question of whether a 
general vector bundle in (r, r(g — 1)) is exceptional. 

Proposition 4.4. Given a generic vector bundle E of rank r and degree r(g — 1), 
there do not exist stable vector bundles E',E" with E fitting in an exact sequence 

-> E' -> E -> £" ->■ 

and smc/i i/iai i/iere eiisfe a Zme bundle L of degree zero with 

(*) h a (E®L) <h"(E' ®i) + /t 1 ( J B" ®L). 

In oi/ier words, the generic vector bundle is not exceptional. 
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Proof. Note that 

h°(E' ®L) < h°(E®L) = h 1 (E®L),h 1 {E"®L) < h l {E®L). 

Hence, if {*J is correct, both h°(E' <g> L) ^ 0, h l {E ® L) ^ 0. We assume first 
that L — O. As h°(E') > 1, E has a section and therefore there is a non-zero map 
O — > E. Let A be the divisor of zeroes of this map and oIa its degree. Then we 
have an exact sequence 

-> 0(A) -> E -> E -> 0. 

There is a surjection E — > E". Hence h (E") ^ 0. It follows that there exist a 
non-zero map E — > if c. Let S be the divisor of zeroes of its dual and d B its degree. 
There is then an exact sequence 

-> E -> E -> K(—B) -» 0. 
Claim 1 H°(E V (A)) = 

Proof. This is a consequence of the stability of E (see [24] Lemma 1.1 ). If 
H°(E V (A) j£ 0, there is a non-zero map E — > 0(A). Composing the projection 
E ^ E with this map followed by the inclusion of 0(A) — > E one obtains a non- 
zero map from E to itself that is not multiplication by a constant; this contradicts 
the stability of E. □ 



Claim 2 H°(E ® K{-B)) = 0. 

Proof. Consider the diagram 

-> 0(A) -» E -> E 

-> E' -» E -> E" -» 

Denote by E' the cokernel of the inclusion 0(A) — > E'. There is an exact 
sequence 

-> E' -> E -> E" -> 

Assume now that H°(E ® K(—B) ^ 0. There exists then a non-zero map 
K{—B) — » E. By the stability of E", the composition of this map with the pro- 
jection E — * E" is zero (see proof of Claim 1). Hence, there is an injective map 
K(—B) — » E' and we have an exact sequence 

-> E(-E) -» E' -> E' -> 

It follows that E' is a quotient of E' which is stable. Hence, there is an inequality 
of slopes /i(E') > /i(E'). Writing cf,r' for the degree and rank of E', this gives 

2(g-l) -2d' 

d B >d A + -52 f 

r 

As K(—B) is a quotient of E" which is stable, there is the inequality of slopes 
fi(K(-B)) > fi(E"). This inequality gives d B < 2{g - 1) - r(9 ~^ r 7 d ' ■ Combining 
this with the inequality above gives r(2 — r') — r' > which is only possible for 
r' = 1. But then E' = 0(A), £" = and there is nothing to prove. □ 
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We now count the dimension of the vector bundles E in the situation described 
in Proposition 14.41 As E has rank r — 2, it moves in a space of dimension at most 
(r — 2) 2 (g — 1) + 1. Thus E moves in a space of dimension at most 

x = (r - 2) 2 (<? - 1) + 1 + d B + h l (E® K%{B) - 1. 

It follows that E moves in a space of dimension at most 

x + d A + h\E v (A)) - 1 = (r 2 - 30 - 1) - (r - 2)(<fc + d B ) - 1. 

If we let L vary, we add at most g dimensions to this number, but this is still less 
that the dimension of the moduli space of vector bundles of rank r. □ 

5. Secant varieties 

The following lemma translates the the assumptions of Lemma 13.121 This will 
give a geometric interpretation of second order obstructions. 

Lemma 5.1. Suppose that E £ ^(2,2(g — 1)), £ 6 Pic°(C), and there exists an 
extension of vector bundles 

0^ L^> E®i^ F ->0, 

such that h°(E ® £) = h}(F). // i/iere exists an effective divisor D of degree h (L) 
such that 

(H°(E ® £(D))/H°(L(D))) n H°(F(-D)) = C H°(F{D)), 
then mult^E = h°(L) + /i x (F). 

Proof. Let D be a general effective divisor of degree h°(L). Consider the exact 
sequence 

-> ^ c ^ c (fl) -» £d(Z>) -> 0, 

let d € H°(^rj(D)) be a nowhere vanishing section, and set a = 6(d) £ tP-^c)- 
From the exact sequence 

-> H°(F) $ H°(F(D)) -> H°(F(D)\ D ) -» 

we see that Kp a = H°(F(—D)). 

Now consider the commutative diagram: 

H°(L(D)\ D ) 

1 I I 

... ► fl°(S) ► — ^ ff^L) 



... > H°(E(D)) ► H°(F(D)) — ^ H 1 (L(D)) 

We also have that U(i : H°(L) — » ii" (.L(.D)|£>) is an isomorphism, and that 
7J°(L(_D)| j d) — * H X (L) is an inclusion. Thus if UeKp,a intersects nontrivially with 
UaH°(L), then there must be a nontrivial section of H°(F(—D)) which which is 
in the kernel of the map Ue : H°(F(D)) -> H l (L(D)). □ 

We also have the following general fact: 
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Lemma 5.2. Suppose that E G ^{r,r{g - I)), £ G Pic°(C), and h°(E (gi £) = o>. 
/or some positive integer d. If there exists an effective divisor D of degree d on C , 
such that 

h°(E ® £(-!>)) = /i°(S v (g> £ v $ K c (-D)) = 0, 
then mult 5 G B = h°(E ® £). 

Proof. Set _E' = _E (g) £. If there is a D as in the lemma, then a general such D will 
suffice. Consider the deformation associated to D, and the exact sequence 

-» # (£') -» H°(E'{D)) -> H°(E'(D)\ D ) -> H 1 ^') -> . . . . 

□ 

Recall that in the case that r = 1, d = 0, and d' = r'(g — 1), the tangent cones to 
the singularities of the theta divisor can be related to the geometry of the canonical 
model of the curve. In particular, since &e C Pic°(C), it follows that for £ G 
Pic°(C), the tangent cone PQO B C Pff°(C,X c ) v - Let <j) K ■ C PH°(C,K C ) V 
be the canonical morphism, let 4>k{C) be the canonical model of the curve, and let 
s n (4>K(C)) be the n-th secant variety to the curve, where we use the convention 
that s {4> K (C)) = <!> K {C). 

When 0_e C Pic (C), the tangent cones to the singularities of the theta divisor 
can be related to the geometry of the canonical model of the curve. To be precise, 
in the case that r = 1, d = 0, and d! = r'{g — 1), so that 6^ C Pic (C), it follows 
that for £ G Pic°(C), the tangent cone PC e 6 B C PH°(C,K C ) V . Let (f> K : C -> 
PiJ°(C, itc) v be the canonical morphism, let 4>k{C) be the canonical model of the 
curve, and let s n {<pK{C)) be the n-th secant variety to the curve, where we use the 
convention that so(4>k(C)) — 4>k{C). Then we have the following: 

Theorem 5.3. In the notation above, suppose E G qf(r',r'(g-l)) and£_ G Pic°(C). 
If Qe i s Q divisor, then 

(1) 7/mult s Q E = h (E®£) and h°(E®£) > nr' , then s n -i((f> K (C)) C PC ( E - 

(2) Suppose r> = 2, andmvlt ( B E = 2. If4> K (C) C PQe*;, then h°(E®Z) = 1, 
and there is an extension of vector bundles 

0^ E®£^ F ->0, 

smc/i ttai h (L) = h}(F) = 1, and for all p G C, 

® ap))/H°(L(p))) n H°(F(-p)) ? G £r°(F(p)). 

Remark 5.4. Observe that [TJ Theorem VI 1.6 (i)] is the special case of (1) when 
k = 1. 

Proof. (1) Recall that if multj B = ^"(E 1 (g> £), then for nonzero a G H 1 ^), 
[a] C Q0 if and only if the cup product map Ua : H°(E £g> £) — » H 1 (E <g> £) has a 
nontrivial kernel. Now let p G C, and consider the exact sequence 

^ c -► ^c(p) -> ^(p) -► 0. 

This induces a coboundary map 5 : H (£? p (p)) — * H l {ffc)i and after identifying 
E x (& c ) = H°{KcY, one can check that for nonzero t G H°(<? p (p)), [5(t)] = 
4>k{p) G PH a (Kc) v ■ On the other hand, after tensoring the above exact sequence 
by E ® £, there is an induced coboundary map d : H°(E ® £(p)| p ) — > <g> £), 
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and a local computation shows that LlS(t) : H°(E®£) — > H 1 (E®£ y ) is given by the 
composition 

Thus if h°(E ® £(-p)) ^ 0, then p e 4>k{C) is contained in PC L 6. This is the 
case if h°(E ® £) > r'. The proof of the general case is similar, replacing p with a 
general effective divisor of degree n. 

The proof of (2) is similar. If mult^Bs — 2, we may assume from (1) and 
the previous lemma that h°(E £g> £) = 1, and there exists an extension as in the 
statement of the theorem. Lemma 13.111 implies that the multiplicity is two if and 
only if there is a deformation of E ® £ such that sections do not lift to second 
order. Thus given [a] = (j> K (p) £ PiJ 1 ^), [a] C PQ9 if and only if there 
is second order deformation extending a such that sections do not lift to second 
order. Given [a] = 4>k(p) €E Pi? 1 (^'c), Lemma [5.11 implies that there is a second 
order deformation extending a for which sections do not lift to second order if there 
exists p G C such that 

(H°(E ® ap))/H°(L(p))) n H°(F(-p)) = c H°(F(p)). 

□ 
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